This note is a continuation from LS-126, in which we derived a formula for the lowest-order amplitude-dependent tune shift for octupole-induced resonances. Here, we wil apply the canonical perturbation theory to the octupolar Hamilonian and attempt to extend our analysis further in order to obtain much clearer insight on the octupole-induced resonances. We wil derive the distortion functions, which measure the distorti~ms of the particle oscilation phase and amplitude in phase space. Based upon these distortion functions, we wil derive the higher-order amplitude-dependent tune shifts for octupoles.
order amplitude-dependent tune shift, the f-independent terms do not contribute to our analysis. The octupolar Hamilonian V is then written as: 
6Bp y 6Bp y (4 )
In the above, Sk is the distance of the kth octupole from an arbitrary reference point in the ring.
The total Hamiltqnian is then simply
Jx Jy h = ßx + ßy + V(Jx, Jy, ~x, ~y; s). For small V, we can treat the octupole term as a perturbation and make the Birkhoff-Moser transformation to J1z and ~iz. This transformation can be accomplished via the following generating function:
Fi(~x, ~y, Jix, J1y; s) = ~xJix + ~yJiy + G(~x, ~y, Jix, Jiy; s) (6) where G is the function that wil be obtained in the following. The assumption of small V is valid as long as a particle is suffciently far from the resonance.
If a particle is near the single resonance, then a canonical transformation exists that leaves only the dominant resonant term by transforming away all the nonresonant terms. Treatment of this case is not the subject of this note, If G is small enough, the above transformation is close to the identity transformation:
where z = x, y and Ga is defined by:
The new Hamilonian is then h -h òF1 _ Jix + Gø", Jiy + Gøy 2 -+ Bs -ßx + ßy + V(~x,~y,Jix + Gø""J1y + Gøy;S) + Gs (9 ) Following the assumption of small V, we expand V to first order in 15 Jz = G ø z .
When this is done, the new Hamiltonian has the form: Note that the independent variable has been changed from s to e. In order for a periodic solution to exist, the following relation must hold:
Fourier-analyzing V and G, we have
Therefore, Eq. (13) where C is the circumference of the ring (i.e.,C = 27fR) and z denotes either x (20) or y.
Equation (18) 
Distortion Functions
Using Eqs. (7) and (18) 
k sm 27fvy
In the above equations, m,m,iñ are given by Eq.(4).
(27)
We now express the distortions of the amplitude in terms of the real coordi- 
The above two equations can be expressed in terms of the particle oscillation On the other hand, G,p", = (BG / B~x) = i5Jx has already been calculated and is given by Eq. (24) . In what follows, we wil omit all the A terms, simply because they do not contribute to the average. We then have 
After taking the average, we obtain 3 2 - 
We now consider fxE2x and fxyB2x, This holds for Wx. Therefore, fXE2x = fxyB2x, Thus, 3 2 2 -
We can also obtain Wy by the same procedure. 
Combining the above results with those given by Eq. (20) in L8-126, we finally
